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COCYCLE DEFORMATIONS AND GALOIS OBJECTS FOR
SEMISIMPLE HOPF ALGEBRAS OF DIMENSION p3 AND pq2
ADRIANA MEJI´A CASTAN˜O, SUSAN MONTGOMERY, SONIA NATALE,
MARIA D. VEGA, AND CHELSEA WALTON
Abstract. Let p and q be distinct prime numbers. We study the Galois
objects and cocycle deformations of the noncommutative, noncocommutative,
semisimple Hopf algebras of odd dimension p3 and of dimension pq2. We obtain
that the p+1 non-isomorphic self-dual semisimple Hopf algebras of dimension
p
3 classified by Masuoka have no non-trivial cocycle deformations, extending
his previous results for the 8-dimensional Kac-Paljutkin Hopf algebra. This is
done as a consequence of the classification of categorical Morita equivalence
classes among semisimple Hopf algebras of odd dimension p3, established by
the third-named author in an appendix.
1. Introduction
Throughout this paper we shall work over an algebraically closed field k of char-
acteristic zero, and let p and q be distinct prime numbers.
Within the study of semisimple Hopf algebras and fusion categories, we are
motivated by the vital interplay between bi-Galois objects, cocycle deformations,
monoidal Morita-Takeuchi equivalence, and categorical Morita equivalence. These no-
tions will be recalled below; the interplay is described in Proposition 1.1. Our
achievement here is that we obtain results pertaining to these notions for the (co-
module categories of the) semisimple Hopf algebras of dimension p3 classified by
Masuoka [15]. Namely, via a systematic approach using group-theoretical fusion
categories, we parameterize the isomorphism classes of right Galois objects for the
nontrivial semisimple Hopf algebras of dimension p3. We also determine both the
cocycle deformations and categorical Morita equivalence classes of these Hopf alge-
bras. We achieve similar results on Galois objects and cocycle deformations for the
semisimple Hopf algebras of dimension pq2 classified by the third author [21]. See
Theorems 1.3, 1.4, and 1.5, respectively.
To begin, takeH and L arbitrary Hopf algebras with standard structure notation
m,u,∆, ǫ, S. We employ Sweedler notation (e.g. ∆(h) =
∑
h(1)⊗ h(2), for h ∈ H).
(Bi)Galois objects. A nonzero algebra R is a right H-Galois object if R is an H-
comodule algebra such that RcoH ∼= k and the Hopf-Galois map R⊗R
∼
→ R ⊗H ,
r ⊗ s 7→
∑
rs(0) ⊗ s(1) is bijective; a left L-Galois object R is defined analogously.
An (L,H)-biGalois object R is a nonzero right H- Galois object and a left L- Galois
object for which H and L coact on R compatibly. If R is a right H-Galois object,
then there exists a Hopf algebra L(R,H) that coacts on R from the left so that R
is an (L(R,H), H)-biGalois object. Furthermore, L(R,H) is called the left Galois
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Hopf algebra of R, and it is unique up to isomorphism. A right H-Galois object R
is trivial if R = H as right H-comodule algebras; in this case, L(R,H) = H . See
[27] for more details.
Cocycle deformations. Let σ : H ⊗ H → k be a 2-cocycle, that is, σ is invertible
under the convolution product, and∑
σ(x(1), y(1))σ(x(2)y(2), z) =
∑
σ(y(1), z(1))σ(x, y(2)z(2)), σ(x, 1) = σ(1, x) = ǫ(x),
for x, y, z ∈ H . The (2-)cocycle deformation Hσ of H is equal to H as k-coalgebras,
with multiplication and antipode given by
x ∗σ y =
∑
σ(x(1), y(1))x(2)y(2)σ
−1(x(3), y(3)),
Sσ(x) =
∑
σ(x(1), S(x(2)))S(x(3))σ
−1(S(x(4)), x(5)),
for x, y ∈ H . If Hσ ∼= H , as Hopf algebras, then the 2-cocycle deformation Hσ of
H is called trivial. See [4] for further background.
Monoidal Morita-Takeuchi equivalence. We say that Hopf algebras H and L are
monoidally Morita-Takeuchi equivalent if the categories of left finite-dimensional
comodules of H and L, denoted H -comod and L -comod, respectively, are equiv-
alent as k-linear monoidal categories.1 We refer the reader to [27, 28] for more
details.
Categorical Morita equivalence. Let C and D be tensor categories, and for an exact
indecomposable C-module category M, let C∗M denote the tensor category of C-
module category endofunctors ofM. We say that C and D are categorically Morita
equivalent if C∗M and D
op are equivalent as tensor categories, where Dop = D, with
reversed tensor product. See [7, Section 7.12] for more information. Further, if C =
H -comod and D = L -comod are the categories of finite-dimensional comodules of
H and L, respectively, then we say that H and L are categorically Morita equivalent
if this condition holds for C and D.
Let us now recall some ties between the notions above.
Proposition 1.1. (Bi/right) Galois objects, cocycle deformations, monoidal Morita-
Takeuchi equivalence, and categorical Morita equivalence, are connected in the fol-
lowing ways. Let H and L be finite-dimensional Hopf algebras.
(1) [5, Theorems 9 and 11(3)] Any right H-Galois object is a crossed product
algebra σH := k#σH with x ∗σ y =
∑
σ(x(1), y(1))x(2)y(2) for x, y ∈ H and
σ a convolution invertible 2-cocycle of H.
(2) [27, Theorem 3.9] The crossed product algebra σH is an (H
σ, H)-biGalois
object where the coaction σH → H
σ ⊗ σH is given by x 7→
∑
x(1) ⊗ x(2),
and the left Galois Hopf algebra of σH is H
σ.
(3) [27, Theorem 5.5 and Corollary 5.7] Up to isomorphism, every monoidal
Morita-Takeuchi equivalence Φ : H-comod → L-comod is given by taking
a co-tensor product with a unique (L,H)-biGalois object R which is unique
up to isomorphism. Namely, Φ ∼= ΦR where ΦR(V ) = RHV , for all
V ∈ H-comod.
(4) [27, Corollary 5.9] The Hopf algebras H and L are monoidally Morita-
Takeuchi equivalent if and only if L is a cocycle deformation of H.
(5) If the equivalent conditions of (4) hold, then H and L are categorically
Morita equivalent. 
1 This notion is sometimes called monoidal co-Morita equivalence in the literature.
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Remark 1.2. Part (1) of Proposition 1.1 can also be deduced from [13] and [19]
as follows. If RcoH = k ⊆ R is H-Galois, then it is finite-dimensional by [13,
Theorem 1.7(1)]. By the Krull-Schmidt Theorem, the H∗-module R is isomorphic
to H as H-comodules, and thus is H-cleft. Now [19, Theorem 7.2.2] implies that
R is isomorphic to a crossed product k#σH .
We examine two classes of noncommutative, noncocommutative, semisimple
Hopf algebras. The first class we study are Masuoka’s Hopf algebras
Aζ,1, Aζt,1, Aζ,g, Aζ2,g, . . . , Aζp−1,g
of dimension p3, where p is an odd prime number [15, Theorem 3.1]; we refer
to reader to Definition 5.1 for their presentation. In particular, g is a group-like
element in a certain commutative Hopf algebra, ζ is a fixed pth root of unity, and
t ∈ Fp is a quadratic nonresidue.
The main results of this paper concerning cocycle deformations and Galois ob-
jects for these Hopf algebras are summarized in the following theorem.
Theorem 1.3 (Theorem 6.7, Proposition 9.2). Consider Masuoka’s semisimple
Hopf algebras of dimension p3 listed above.
(1) If p = 3, then the following statements hold.
(a) Each right Galois object for the Hopf algebras Aζ,1 and Aζ2,1 is trivial.
(b) The Hopf algebras Aζ,g and Aζ2,g both have exactly two right Galois
objects up to isomorphism.
(2) If p > 3, then the following statements hold.
(a) Each right Galois object for the Hopf algebras Aζ,g, . . . , Aζp−1,g is triv-
ial.
(b) The Hopf algebras Aζ,1 and Aζt,1 both have exactly p right Galois ob-
jects up to isomorphism.
(3) Further, none of these Hopf algebras admits a non-trivial cocycle deforma-
tion.
Part (3) of Theorem 1.3 is obtained as a consequence of the following theorem,
established by the third author in Appendix B.
Let us denote by G = UT(3, p) the group of upper triangular unipotent 3 × 3
matrices with entries in the field Fp, and by T = Zp2 ⋊ Zp the unique nonabelian
group of order p3 and exponent p2.
Theorem 1.4 (Theorem B.2). Semisimple Hopf algebras of dimension p3 fall into
p+ 6 categorical Morita equivalence classes. More precisely, the Hopf algebras
k
Zp×Zp×Zp , kZp×Zp2 , kZp3 , kG, kT , Aζ,1, Aζt,1, Aζ,g, . . . , Aζp−1,g,
are pairwise categorically Morita inequivalent and, furthermore, the equivalence
class of kG (respectively, the equivalence class of kT ) consists of kG and kG (re-
spectively, of kT and kT ).
The second class of noncommutative, noncocommutative, semisimple Hopf alge-
bras we study are those of dimension pq2. According to work of the third author
[21, Theorem 3.12.4], these Hopf algebras are divided into three classes:
Al, for p ≡ 1 mod q, Bλ, B
∗
λ, for q ≡ 1 mod p.
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See Definitions 7.6 and 7.2 for their presentations. Here, l is an integer between 0
and q− 1, and λ runs over a certain set of integers between 0 and p− 2. Our main
result here is the following.
Theorem 1.5 (Theorem 8.1, Proposition 9.3). Consider the semisimple Hopf al-
gebras of dimension pq2, Al, Bλ, listed above.
(1) Each right Galois object for the Hopf algebras Bλ and Al, for l 6= 0, is triv-
ial; these Hopf algebras do not admit any non-trivial cocycle deformation.
(2) The Hopf algebra A0 has exactly q right Galois objects up to isomorphism,
and it is a cocycle deformation of a commutative Hopf algebra.
(3) Each of the Hopf algebras B∗λ has exactly
p+q−1
p
right Galois objects up to
isomorphism, and is a cocycle deformation of a commutative Hopf algebra.
We achieve the results on Galois objects above by first realizing each Hopf algebra
as an abelian extension corresponding to a matched pair of finite groups. Then we
use a bijective correspondence between right Galois objects for abelian extensions
and fiber functors of certain group-theoretical fusion categories associated to the
relevant matched pair (Proposition 4.3). Finally, we employ Ostrik’s and the third
author’s parameterization of fiber functors of group-theoretical fusion categories
(Theorem 2.2; see also Remark 2.3).
Results related to those in Theorem 1.3 were obtained by Masuoka for certain
semisimple Hopf algebras of even dimension [17]. In particular, he showed that
the Kac-Paljutkin Hopf algebra of dimension 8 has only trivial Galois objects and
trivial cocycle deformations [17, Theorems 4.1 and 4.8]. We recover this result in
Appendix A (Proposition A.1) via the techniques specified above.
The paper is organized as follows. In Section 2, we provide background material
on group-theoretical fusion categories, their module categories, and discuss results
of Ostrik and of the third author crucial to the proof of Theorems 1.3 and 1.5.
We then provide background material on abelian extensions of Hopf algebras in
Section 3, and recall the connection between Galois objects and fiber functors in
Section 4. We review Masuoka’s classification of semisimple Hopf algebras of dimen-
sion p3 in Section 5. Parts (1) and (2) of Theorem 1.3 are established in Section 6.
See Section 7 and 8 for a discussion of the semisimple Hopf algebras of dimension
pq2 and the proof of Theorem 1.5. Results on cocycle deformations are presented
in Section 9. These methods are applied in Appendix A to yield Masuoka’s results
on the 8-dimensional Kac-Paljutkin Hopf algebra. The classification of categorical
Morita equivalence classes among the noncommutative noncocommutative exam-
ples in dimension p3 is given in Appendix B.
2. Group-theoretical fusion categories
In this section, we discuss background material on group-theoretical fusion cate-
gories and their module categories, ending with results of Ostrik [25] and the third
author [24] that are crucial for establishing our main result.
2.1. Fusion categories and their module categories. We refer to [7, 8] for
a general theory of such categories. Let C be a fusion category over k. A left
module category over C (or C-module category) is a finite semisimple k-linear abelian
category M equipped with an action bifunctor ⊗ : C × M → M and natural
isomorphisms
mX,Y,M : (X ⊗ Y )⊗M → X ⊗ (Y ⊗M), uM : 1⊗M →M,
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for X,Y ∈ C, M ∈ M, satisfying appropriate coherence conditions [7, Section 7.1].
A module category structure on M corresponds to a tensor functor
F : C → Fun(M,M), such that F (X)(M) = X ⊗ M . The rank of M is the
cardinality of the set of isomorphism classes of simple objects of M. Module cat-
egories of rank one correspond to tensor functors C → Fun(M,M) ∼= Vec, that is,
to fiber functors on C.
A C-module categoryM is called indecomposable if it is not equivalent to a direct
sum of two non-trivial C-submodule categories. Every semisimple indecomposable
module category over C is equivalent to the category CA of right A-modules in C,
for some semisimple indecomposable algebra A in C [25, Section 3.3].
LetM be an indecomposable C-module category. The category C∗M of C-module
endofunctors of M is a fusion category. A fusion category D is called categorically
Morita equivalent to C if there exists an indecomposable C-module categoryM and
an equivalence of tensor categories D ∼= (C∗M)
op. See [7, Section 7.12] for details.
Suppose that M ∼= CA for some semisimple indecomposable algebra A in C.
Then there is an equivalence of fusion categories (C∗M)
op ∼= ACA, where ACA is the
category of A-bimodules in C; the latter is a fusion category with tensor product
⊗A and unit object A. See [25, Remark 4.2] or [7, Remark 7.12.5].
Two fusion categories are categorically Morita equivalent if and only if their
Drinfeld centers are equivalent as braided fusion categories [9, Theorem 3.1].
2.2. Group-theoretical fusion categories. We refer the reader to [7, Section 9.7]
and [8, Section 8.8] for general background material. A fusion category C is called
pointed if every simple object of C is invertible. If C is a pointed fusion category,
then there exist a finite group G and a 3-cocycle ω : G×G×G→ k× such that C
is equivalent to the fusion category C(G,ω) of finite-dimensional G-graded vector
spaces with associativity constraint determined by ω.
Every indecomposable module category over the fusion category C(G,ω) arises
from a pair (F, α), where F is a subgroup of G such that the class of ω|F×F×F
is trivial in H3(F, k×) and α : F × F → k× is a 2-cochain on F satisfying dα =
ω|F×F×F ; see, e.g., [26, Example 2.1]. If (F, α) is such a pair, then the twisted group
algebra kαF is a semisimple, indecomposable, associative algebra in C(G,ω), and
the module category corresponding to the pair (F, α) is the category M0(F, α) :=
C(G,ω)kαF of right kαF -modules in C(G,ω). We shall use the notation
C(G,ω, F, α) := C(G,ω)∗M0(F,α).
A fusion category C is called group-theoretical if it is categorically Morita equiv-
alent to a pointed fusion category. An indecomposable module category M such
that C∗M is pointed is called a pointed module category.
Thus, C is group-theoretical if and only if there exist a finite group G and a
3-cocycle ω : G × G × G → k× such that C is equivalent to the fusion category
C(G,ω, F, α), where F is a subgroup of G, and α : F × F → k× is a 2-cochain on
F satisfying dα = ω|F×F×F .
Every fusion category of FP-dimension pn, for some n ∈ N, is group-theoretical
[7, Corollary 9.14.16]; this includes the category of (co)modules over a semisimple
Hopf algebra of dimension pn.
The class of group-theoretical fusion categories is closed under categorical Morita
equivalence. In particular, it is closed under tensor products and Drinfeld centers.
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Moreover, suppose that D is a fusion category. Then D is equivalent to a group-
theoretical fusion category C(G,ω, F, α) if and only if its Drinfeld center Z(D)
is equivalent as a braided fusion category to the category of finite-dimensional
representations of the twisted quantum double DωG [3]; see e.g. [22, Theorem 1.2].
2.3. Fiber functors over group-theoretical fusion categories. Consider C =
C(G,ω, F, α), a group-theoretical fusion category. By [26, Theorem 3.1], every
indecomposable module category over C arises from a pair (L, β), where L is a
subgroup of G and β is a 2-cochain on L such that ω|L×L×L = dβ. The module
category corresponding to the class of the pair (L, β) is the category M(L, β) =
kβLC(G,ω)kαF .
Let (L, β), (L′, β′) be two such pairs. By [24, Theorem 1.1], the corresponding
module categoriesM(L, β) and M(L′, β′) are equivalent as C-module categories if
and only if there exists an element g ∈ G such that L′ = gLg−1 and the cohomology
class of the two cocycle β′
−1
βgΩg is trivial in H
2(L, k×), where βg is the 2-cochain
defined by βg(s, t) = β′(gsg−1, gtg−1), s, t ∈ L, and
Ωg(a, b) =
ω(gag−1, gbg−1, g) ω(g, a, b)
ω(gag−1, g, b)
, a, b ∈ G.
Remark 2.1. Suppose that either one of the following assumptions holds:
(a) The 3-cocycle ω is trivial, or
(b) H2(L, k×) = 0.
It was observed in [24] that we obtain, as in [26, Theorem 3.1], that M(L, β) and
M(L′, β′) are equivalent as C-module categories if and only if the pairs (L, β) and
(L′, β′) are conjugated under the adjoint action of G.
Recall from Subsection 2.1 that rank one module categories over a fusion category
C correspond to fiber functors on C. In the case where C is a group-theoretical
fusion category, these functors were determined in [26, Corollary 3.4]. We record
the corresponding classification result in the next theorem. Recall that a 2-cocycle γ
on a finite group S is non-degenerate if the twisted group algebra kγS is isomorphic
to a matrix algebra.
Theorem 2.2. [26, Corollary 3.4], [24, Theorem 1.1]. Fiber functors on C(G,ω, F, α)
correspond to pairs (L, β), where L is a subgroup of G and β is a 2-cocycle on L,
such that the following conditions are satisfied:
(i) The class of ω|L×L×L is trivial;
(ii) G = LF ; and
(iii) The class of the 2-cocycle α|F∩Lβ
−1|F∩L is non-degenerate.
Two such pairs (L, β), (L′, β′) give rise to isomorphic fiber functors if and only if
there exists an element g ∈ G such that L′ = gLg−1 and the cohomology class of
the two cocycle β′
−1
βgΩg is trivial in H
2(L, k×). 
Remark 2.3. In Sections 6 and 8 we shall apply Theorem 2.2 to determine iso-
morphism classes of Galois objects for families of semisimple Hopf algebras of di-
mensions p3 and pq2, respectively, where p and q are distinct prime numbers. As
we shall see, in these contexts, either the subgroups L we need to consider satisfy
H2(L, k×) = 0 or the 3-cocycle ω is trivial. Hence, Remark 2.1 applies, and the
problem is reduced to determining conjugacy classes of such pairs (L, β).
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3. Abelian extensions of Hopf algebras
In this section we review some preliminaries on matched pairs of finite groups
and Hopf algebra extensions arising from them. We refer the reader to [16] and [18]
for further details.
3.1. Matched pairs of groups. Let F and Γ be finite groups endowed with
mutual actions by permutations Γ
⊳
← Γ× F
⊲
→ F such that
(3.1) s ⊲ xy = (s ⊲ x)((s ⊳ x) ⊲ y), st ⊳ x = (s ⊳ (t ⊲ x))(t ⊳ x),
for all s, t ∈ Γ and x, y ∈ F . If ⊳,⊲ are actions satisfying conditions (3.1), then
(F,Γ) is called a matched pair of finite groups.
If (F,Γ) is a matched pair of finite groups, then the set F ×Γ is a group, denoted
F ⊲⊳ Γ, with multiplication defined for all x, y ∈ F , s, t ∈ Γ in the form
(x, s)(y, t) = (x(s⊲ y), (s⊳ y)t).
Let us identify the subgroups F × 1 and 1×Γ of F ⊲⊳ Γ with F and Γ, respectively.
Then the group F ⊲⊳ Γ admits an exact factorization F ⊲⊳ Γ = FΓ. Conversely,
every group G endowed with an exact factorization into its subgroups F ′ ∼= F and
Γ′ ∼= Γ gives rise to actions by permutations ⊳ : Γ × F → Γ and ⊲ : Γ × F → F
making (F,Γ) into a matched pair; these actions are determined by the relations
sx = (s ⊲ x)(s ⊳ x), x ∈ F, s ∈ Γ.
3.2. Bicrossed products arising from matched pairs of groups. Retain the
setting of Section 3.1. Let σ : F ×F → (kΓ)× and τ : Γ×Γ→ (kF )× be maps. Let
us denote for x, y ∈ F , s, t ∈ Γ,
σs(x, y) := σ(x, y)(s) and τx(s, t) := τ(s, t)(x).
Let kΓ τ#σkF denote the vector space k
Γ ⊗ kF with multiplication and comul-
tiplication defined, for all g, h ∈ Γ, x, y ∈ F , by the formulas
(eg#x)(eh#y) = egeh⊳x−1σ(x, y)#xy = δg⊳x,h σg(x, y)eg#xy,(3.2)
∆(eg#x) =
∑
st=g
τx(s, t) es#(t ⊲ x)⊗ et#x.(3.3)
We shall call kΓτ#σkF the bicrossed product associated to the pair (σ, τ). This
bicrossed product kΓτ#σkF is a Hopf algebra if and only if the pair (σ, τ) satisfies
the following conditions, for all x, y, z ∈ F , s, t, u ∈ Γ
σs⊳x(y, z)σs(x, yz) = σs(xy, z)σs(x, y),(3.4)
σ1(x, y) = σs(x, 1) = σs(1, y) = 1,(3.5)
τx(st, u) τu⊲x(s, t) = τx(s, tu) τx(t, u),(3.6)
τ1(s, t) = τx(s, 1) = τx(1, t) = 1,(3.7)
σst(x, y) τxy(s, t)(3.8)
= σs(t⊲ x, (t⊳ x)⊲ y)σt(x, y) τx(s, t) τy(s⊳ (t⊲ x), t⊳ x).
That is, kΓτ#σkF is a Hopf algebra precisely when σ, τ are normalized 2-cocycles
satisfying compatibility condition (3.8).
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3.3. Extensions arising from matched pairs of groups. Retain the setting of
Section 3.1 and take kΓτ#σkF a bicrossed product of Hopf algebras as in Section 3.2.
Let
π = ǫ⊗ id : kΓτ#σkF → kF
denote the canonical projection. We have an exact sequence of Hopf algebras
(3.9) k→ kΓ → kΓτ#σkF
π
→ kF → k.
Let H be a Hopf algebra fitting into such an exact sequence. Then there exist
mutual actions by permutations between F and Γ so we have a matched pair of
groups such that H is isomorphic to the bicrossed product kΓτ#σkF for appropriate
compatible actions and cocycles σ and τ . In this case, we say that H is an abelian
extension associated to the matched pair (F,Γ).
Let (F,Γ) be a fixed matched pair of finite groups and let G = F ⊲⊳ Γ. Equiv-
alence classes of abelian extensions associated to (F,Γ) form an abelian group
Opext(kΓ, kF ), whose unit element is the class of the split extension kΓ#kF . More-
over, by a result of G. I. Kac [12], there is an exact sequence of abelian groups
0→ H1(G, k×)
Res
−−→ H1(F, k×)⊕H1(Γ, k×)→ Aut(kΓ#kF ) → H2(G, k×)
Res
−−→ H2(F, k×)⊕H2(Γ, k×)→ Opext(kΓ, kF )
ω¯
−→ H3(G, k×)
Res
−−→ H3(F, k×)⊕H3(Γ, k×)→ . . .
Pertaining to the 3-cocycle ω ∈ H3(G, k×) arising from an abelian extension (3.9)
in the Kac exact sequence, we have the following result.
Lemma 3.10. Retain the notation above. Suppose that the orders of the subgroups
F and Γ of G are relatively prime. Then the class of ω in H3(G, k×) is trivial.
Proof. If G is a finite group and S is a subgroup of G, then for n ≥ 1, the core-
striction (or transfer) map Cor : Hn(S, k∗) → Hn(G, k∗) has the property that
the composition Cor ◦ Res : Hn(G, k∗) → Hn(G, k∗) coincides with multiplication
by the index [G : S], see [2, Chapter XII, Section 8]. By exactness of the Kac
sequence, the classes of the restrictions of ω to F and Γ are both trivial. Hence
[G : F ]ω = [G : Γ]ω = 0. Moreover, by the relative primeness condition, there
exist some integers n and m so that ω = 1ω = (n[G : F ] +m[G : Γ])ω = 0. This
completes this proof. 
4. Galois objects and fiber functors
Here we recall how the material in the previous two sections and the main objec-
tive of this work are connected. This connection relies on a correspondence between
Galois objects of semisimple Hopf algebras described in Section 3.2 (or equivalently,
in Section 3.3) and fiber functors of certain group-theoretical fusion categories (see
Section 2).
Let (F,Γ) be a matched pair of finite groups and let σ : F × F → (kΓ)× and
τ : Γ×Γ→ (kF )× be compatible cocycles. Consider the associated bicrossed prod-
uct kΓτ#σkF and let mod-(k
Γτ#σkF ) be the fusion category of finite-dimensional
right modules over kΓτ#σkF .
Then there is an equivalence of tensor categories
(4.1) mod-(kΓτ#σkF ) ∼= C(G,ω, F, 1),
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where G = F ⊲⊳ Γ and ω : G × G × G → k× is a 3-cocycle representing the class
of ω¯(σ, τ), where ω¯ : Opext(kΓ, kF ) → H3(G, k×) is the map in the Kac exact
sequence from [29, Section 6.3] (see also [22, Proposition 4.3]). Explicitly, we may
write
(4.2) ω(xs, yt, zu) = σs(y, t⊲ z)τz(s⊳ y, t), x, y, z ∈ F, s, t, u ∈ Γ.
As a consequence of this fact we obtain the following parameterization of right
Galois objects for an abelian extension.
Proposition 4.3. Let H be a semisimple Hopf algebra fitting into an exact se-
quence k → kΓ → H → kF → k. Let also (σ, τ) ∈ Opext(kΓ, kF ) such that H
is isomorphic to the bicrossed product kΓτ#σkF and ω = ω¯(σ, τ) be the 3-cocycle
given by (4.2). Then there is a bijective correspondence between
(i) Isomorphism classes of right Galois objects of H∗.
(ii) Isomorphism classes of fiber functors on the category C(F ⊲⊳ Γ, ω, F, 1).
Proof. By a result of Ulbrich [31], isomorphism classes of right Galois objects of
(kΓτ#σkF )
∗ are in bijective correspondence with isomorphism classes of fiber func-
tors on the category (kΓτ#σkF )
∗ -comod ∼= mod-(kΓτ#σkF ). The tensor equiva-
lence (4.1) now implies the result. 
5. Semisimple Hopf algebras of dimension p3
In this section we study the first class of noncommutative, noncocommutative,
semisimple Hopf algebras that are of interest to this work.
Let p be an odd prime number. Let also
F = 〈a, b : ap = bp = 1, ab = ba〉 ∼= Zp × Zp and Γ = 〈x : x
p = 1〉 ∼= Zp,
Consider the action by Hopf algebra automorphisms ⇀: kΓ⊗ kF → kF defined
in the form
(x ⇀ f)(aibj) = f(ai+jbj), 0 ≤ i, j ≤ p− 1.
Let ζ ∈ k be a pth root of 1 and let g ∈ G(kF ) be a Γ-invariant group-like
element. Masuoka constructed in [15] a self-dual semisimple Hopf algebra Aζ,g of
dimension p3 that fits into an abelian extension k→ kF → Aζ,g → kΓ→ k.
Definition 5.1 (Aζ,g). The Hopf algebra Aζ,g is defined as the k
F -ring generated
by an element x¯ with relations
(5.2) x¯p = g, x¯f = (x ⇀ f)x¯,
for all f ∈ kF . The coalgebra structure of Aζ,g is determined by the requirements
that kF is a subcoalgebra and
(5.3) ∆(x¯) =
∑
i,j,r,ℓ
ζjr ei,j x¯⊗ er,ℓx¯, ǫ(x¯) = 1,
where, for all 0 ≤ i, j ≤ p− 1, ei,j ∈ k
F is defined as ei,j(a
kbℓ) = δi,kδj,ℓ.
Moreover, we have the following classification result:
Theorem 5.4. [15, Theorem 3.1] Let H be a noncommutative, noncocommutative,
semisimple Hopf algebra of dimension p3. Then H is isomorphic to precisely one
of the Hopf algebras
Aζ,1, Aζt,1, Aζ,g, . . . , Aζp−1,g,
where ζ ∈ k is a fixed primitive pth root of unity, 1 6= g ∈ G(kF ) is a Γ-invariant
group-like element of kF , and t ∈ Fp is a fixed quadratic nonresidue. 
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Lemma 5.5. Let Aζ,g be the Hopf algebra in Definition 5.1. Then there are iso-
morphisms of Hopf algebras Acopζ,g
∼= A
op
ζ,g
∼= Aζ−1,g.
Proof. We only need to prove the second isomorphism. The Hopf algebras A1,g are
cocommutative, so the claim is evident if ζ = 1.
Suppose that ζ 6= 1. By (5.2), the following relations hold in Aζ,g, for all
0 ≤ i, j ≤ p− 1:
x¯ei,j = ei−j,j x¯.
Hence, x¯ .op ei,−j = ei−j,−j .op x¯ in A
op
ζ,g, for all 0 ≤ i, j ≤ p− 1.
From the definition of Aζ,g, we find that there exists a unique algebra map
γ : Aζ−1,g → A
op
ζ,g, such that
γ(x¯) = x¯, γ(ei,j) = ei,−j, 0 ≤ i, j ≤ p− 1.
Moreover, γ|kF is a Hopf algebra isomorphism. In addition, (5.3) implies that
∆(γ(x¯)) = (γ ⊗ γ)∆(x¯). Thus γ is a bialgebra isomorphism, and hence a Hopf
algebra isomorphism. 
Consider the matched pair (F,Γ), where the action ⊳ : Γ×F → Γ is trivial and
the action ⊲ : Γ× F → F is the action by group automorphisms determined by
(5.6) x⊲ a = a, x⊲ b = ab.
The associated group G = F ⊲⊳ Γ coincides with the semidirect product F ⋊ Γ.
Note that there is an isomorphism of groups G ∼= UT(3, p) of upper triangular
unipotent 3× 3 matrices with entries in the field Fp with p elements.
Let ζ, λ ∈ k be pth roots of unity. Let σ : F ×F → (kΓ)× and τ : Γ×Γ→ (kF )×
be the maps defined by
(5.7) σxn(a
ibj, ai
′
bj
′
) = ζ−nji
′−(n2)jj
′
, τaibj (x
n, xm) = λj[
n+m
p
],
for all 0 ≤ n,m, i, j, i′, j′ ≤ p − 1, where
(
n
2
)
denotes the quotient n(n−1)2 , and
0 ≤ [N
p
] ≤ p − 1 denotes the largest integer less than N/p (that is, the Gauss
symbol).
Observe that, for all 0 ≤ n,m, i, j ≤ p− 1, we have
(5.8) τaibj (x
n, xm) =
{
1, if n+m < p,
λj , if n+m ≥ p.
Proposition 5.9 (Hζ,λ). Retain the notation above. Let ζ, λ be pth roots of 1 and
let σ and τ be given by (5.7). Then the bicrossed product
Hζ,λ := k
Γτ#σkF
is a Hopf algebra. Further, there is an isomorphism of Hopf algebras H∗ζ,λ
∼= Aζ,g,
where g ∈ G(kF ) is given by g(aibj) = λj, for all 0 ≤ i, j ≤ p− 1.
Proof. It is straightforward to check that σ and τ satisfy conditions (3.4)–(3.8) in
Section 3.2 with respect to the matched pair (F,Γ). Therefore H = kΓτ#σkF is a
Hopf algebra.
Consider the matched pair (Γ, F ) where the action ⊲ : F × Γ→ Γ is trivial and
the action ⊳ : F × Γ→ F is given by
(5.10) a⊳x = a, b⊳x = ab.
A direct computation shows that τ and σ satisfy conditions (3.4)–(3.8) with respect
to this matched pair (note that the roles of σ and τ are reversed in this context).
In this way we get another Hopf algebra kF σ#τkΓ.
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It follows from Formulas (3.2) and (3.3) that the map
〈 , 〉 :
(
k
F σ#τkΓ
)
⊗
(
k
Γτ#σkF
)cop
→ k
given by
〈ei,j#x
n, exm#a
i′bj
′
〉 = δn,m δi,i′ δj,j′ , 0 ≤ i, i
′, j, j′, n,m ≤ p− 1,
defines a non-degenerate bialgebra pairing. Thus we obtain an isomorphism of Hopf
algebras
(5.11)
(
k
Γτ#σkF
)∗ ∼= (kF σ#τkΓ)cop .
Suppose that g ∈ G(kF ) is given by g(aibj) = λj , for all 0 ≤ i, j ≤ p − 1.
Then g is a Γ-invariant group-like element of kF with respect to the action induced
by (5.10).
Let X := 1#x =
∑
i,j ei,j#x ∈ k
F σ#τkΓ. The expression (5.8) for the cocycle τ
implies that
τ(x, xℓ) =
∑
i,j
τaibj (x, x
ℓ)ei,j =
∑
i,j
ei,j = 1kF ,
for all 0 ≤ ℓ < p − 1. From Formula (3.2) for the multiplication in kF σ#τkΓ, we
obtain
X
p = τ(x, x) τ(x, x2) . . . τ(x, xp−1)#xp = τ(x, xp−1)#1 = τ(x, xp−1) = g.
It follows from Definition 5.1 that there is a unique homomorphism of algebras
ϕ : Aζ−1,g → k
F σ#τkΓ such that ϕ(f) = f , for all f ∈ k
F , and ϕ(x¯) = X.
From Formula (3.3) for the comultiplication in kF σ#τkΓ we find that
∆(X) =
∑
i,j,r,ℓ
σx(a
ibj , arbℓ) (ei,j#x) ⊗ (er,ℓ#x) =
∑
i,j,r,ℓ
ζ−jr (ei,j#x) ⊗ (er,ℓ#x) .
Hence ∆(ϕ(x¯)) = (ϕ⊗ ϕ)∆(x¯). Since also ∆(ϕ(f)) = (ϕ⊗ ϕ)∆(f), for all f ∈ kF ,
and kF and x¯ generate Aζ−1,g as an algebra, we get that ϕ is a bialgebra map
and therefore it is a Hopf algebra map. Moreover, ϕ is surjective because kF and
X generate kF σ#τkΓ. Therefore ϕ is an isomorphism, since dimAζ−1,g = p
3 =
dim kF σ#τkΓ.
Thus kF σ#τkΓ ∼= Aζ−1,g as Hopf algebras. Combining this isomorphism with
the one in (5.11) and Lemma 5.5, we find that H∗ζ,λ =
(
kΓτ#σkF
)∗ ∼= Aζ,g, as
claimed. 
Now combining Theorem 5.4 and Proposition 5.9 we obtain:
Corollary 5.12. Every noncommutative, noncocommutative, semisimple Hopf al-
gebra of dimension p3 is isomorphic to precisely one of the bicrossed products
Hζ,1, Hζt,1, Hζ,λ, . . . , Hζp−1,λ,
where ζ, λ ∈ k are primitive pth roots of unity and t ∈ Fp is a quadratic nonresidue.

Next, we consider the representation categories of the Hopf algebras above.
Proposition 5.13. Let G = F ⋊ Γ ∼= UT(3, p) and let ζ, λ ∈ k be pth roots of
unity. Then there is an equivalence of tensor categories
mod-Hζ,λ ∼= C(G,ωζ,λ, F, 1),
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where ωζ,λ : G×G×G→ k
× is the 3-cocycle given by the formula
(5.14) ωζ,λ(a
ibjxn, ai
′
bj
′
xn
′
, ai
′′
bj
′′
xn
′′
) = ζ−nj
′(i′′+n′j′′)−(n2)j
′j′′ λj
′′ [n+n
′
p
],
for all 0 ≤ i, i′, i′′, j, j′, j′′, n, n′, n′′ ≤ p− 1.
Proof. By [22, Proposition 4.3 and Formula (3.12)] there is an equivalence of tensor
categories mod-Hζ,λ ∼= C(G,ωζ,λ, F, 1), where G = F ⋊Γ and ωζ,λ is the 3-cocycle
on G given by
ωζ,λ(a
ibjxn, ai
′
bj
′
xn
′
, ai
′′
bj
′′
xn
′′
) = σxn(a
i′bj
′
, xn
′
⊲ ai
′′
bj
′′
)τai′′ bj′′ (x
n, xn
′
),
for all 0 ≤ i, i′, i′′, j, j′, j′′, n, n′, n′′ ≤ p − 1. It follows from (5.6) that for all
0 ≤ n′, i′′, j′′ ≤ p − 1, we have xn
′
⊲ ai
′′
bj
′′
= ai
′′+n′j′′bj
′′
. Therefore, from (5.7),
we obtain the expression (5.14) for ωζ,λ. This proves the proposition. 
We also obtain the following consequence of Propositions 5.9 and 5.13.
Corollary 5.15. Let ζ ∈ k be a primitive pth root of unity and let g be a Γ-
invariant group-like element of kF . Let also Aζ,g be one of the noncommutative,
noncocommutative, semisimple Hopf algebras of dimension p3 and take λ = g(b).
Then there is an equivalence of tensor categories
Aζ,g -comod ∼= C(G,ωζ,λ, F, 1).
Proof. By [15, Theorem 2.18] and Proposition 5.9, we have isomorphisms of Hopf
algebras
Aζ,g ∼= A
∗
ζ,g
∼= Hζ,λ = k
F τ#σkΓ.
Hence, Aζ,g -comod ∼= mod-A
∗
ζ,g
∼= mod-Hζ,λ ∼= C(G,ωζ,λ, F, 1) as tensor cate-
gories, by Proposition 5.13. 
6. Galois objects for semisimple Hopf algebras of dimension p3
In this section, we compute the number of right Galois objects of the bicrossed
products Hζ,λ of Proposition 5.9, and thus of Masuoka’s Hopf algebras Aζ,g of
Definition 5.1.
To begin we recall facts about 3-cocycles on cyclic groups. Let N ≥ 1 be an
integer and let L = 〈c〉 be a cyclic group of order N . Then, for every Nth root of
unity θ, the expression
(6.1) ωθ(c
n, cm, cℓ) = θℓ[
n+m
N
], 0 ≤ n,m, ℓ ≤ N − 1,
defines a 3-cocycle on L. Moreover the map
(6.2) GN → H
3(L, k×), θ 7→ [ωθ],
is a group isomorphism, where GN denotes the multiplicative group of Nth roots
of unity in k and [ωθ] denotes the class of ωθ in H
3(L, k×).
Lemma 6.3. Let L = 〈c〉 be a cyclic group of order N . Then, for every N th root
of unity ξ, the expression
(6.4) ω˜ξ(c
n, cm, cℓ) = ξm(n(
ℓ
2)+ℓ(
n
2)+nmℓ), 0 ≤ n,m, ℓ ≤ N − 1,
defines a 3-cocycle on L. Further, the 3-cocycle ω˜ξ is cohomologous to ωξd defined
in (6.1), where d = 16 (N −1)N(2N−1). In particular, if N is odd and not divisible
by 3, then the class of ω˜ξ is trivial.
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Proof. It is straightforward to verify that ω˜ξ in (6.4) is a 3-cocycle. Hence there
must exist an Nth root of unity θ such that ω˜ξ is cohomologous to ωθ in (6.1)
by (6.2). So, there exists a 2-cochain t : L× L→ k× such that ω˜ξ dt = ωθ, where
dt(cn, cm, cℓ) =
t(cn, cm+ℓ) t(cm, cℓ)
t(cn+m, cℓ) t(cn, cm)
, 0 ≤ n,m, ℓ ≤ N − 1.
We may assume that t is a normalized 2-cochain, that is, t(1, cn) = 1 = t(cn, 1), for
all 0 ≤ n ≤ N − 1. Observe that, for all 0 ≤ n,m, ℓ ≤ N − 1,
ωθ(c
n, cm, cℓ) =
{
1, if n+m < N,
θℓ, if n+m ≥ N.
Therefore we obtain the following relation, for all 0 ≤ n,m, ℓ ≤ N − 1:
ω˜ξ(c
n, cm, cℓ) dt(cn, cm, cℓ) =
{
1, if n+m < N,
θℓ, if n+m ≥ N.
Combined with (6.4), the last relation implies that, for all 0 ≤ m < N − 1,
(6.5) ξm
2
=
t(cm+1, c) t(c, cm)
t(c, cm+1) t(cm, c)
,
and also that
(6.6) ξ = ξ(N−1)
2
= θ
t(cN , c) t(c, cN−1)
t(c, cN ) t(cN−1, c)
= θ
t(c, cN−1)
t(cN−1, c)
.
An inductive argument, using Formula (6.5), shows that
t(cm+1, c)
t(c, cm+1)
= ξ
∑m
j=1 j
2
, 0 < m < N − 1.
Hence, from (6.6),
ξ = ξ(N−1)
2
= θ
t(c, cN−1)
t(cN−1, c)
= θ ξ−
∑N−2
j=1 j
2
.
Therefore θ = ξ
∑N−1
j=1 j
2
= ξ
(N−1)N(2N−1)
6 , as claimed. Finally, note that if N is odd
and not divisible by 3, then θ = (ξN )
(N−1)(2N−1)
6 = 1. This finishes the proof of the
lemma. 
This brings us to the main result of this section.
Theorem 6.7. Let p be an odd prime number. Let ζ ∈ k be a primitive pth root of
unity, g ∈ kF a Γ-invariant group-like element and t ∈ Fp a quadratic nonresidue.
Fix one of the noncommutative, noncocommutative, semisimple Hopf algebras Aζ,g
of dimension p3. Then the following statements hold.
(1) Suppose that p = 3. Then any right Galois object of the Hopf algebras Aζ,1,
Aζ2,1 must be trivial. Also, the Hopf algebras Aζ,g, Aζ2,g each have exactly
two right Galois objects up to isomorphism.
(2) Suppose that p > 3. Then any right Galois object of the Hopf algebras
Aζ,g, . . . , Aζp−1,g must be trivial. Also, the Hopf algebras Aζ,1, Aζt,1 each
have exactly p right Galois objects up to isomorphism.
In addition, if R is a right Galois object for the Hopf algebra Aζ,g, then the left
Galois Hopf algebra L(R,Aζ,g) is isomorphic to Aζ,g.
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Proof. Let λ = g(b). By Corollary 5.15, there is an equivalence of tensor categories
Aζ,g -comod ∼= C(G,ω, F, 1),
and the 3-cocycle ω = ωζ,λ is given, for all 0 ≤ i, i
′, i′′, j, j′, j′′, n, n′, n′′ ≤ p− 1, by
ω(aibjxn, ai
′
bj
′
xn
′
, ai
′′
bj
′′
xn
′′
) = ζ−nj
′(i′′+n′j′′)−(n2)j
′j′′ λj
′′ [n+n
′
p
].
Now by Proposition 4.3, right Galois objects of Aζ,g correspond to fiber functors
of the category Aζ,g -comod. In view of the previous equivalence and Theorem 2.2,
we need to determine the pairs (L, β) where L is a subgroup of G and β is a 2-cocycle
on L, such that the following conditions are satisfied:
(i) The class of ω|L×L×L is trivial.
(ii) G = LF .
(iii) The class of the 2-cocycle β|F∩L is non-degenerate.
Suppose (L, β) is such a pair. Conditions (i)-(iii) imply that L is a subgroup of
order p of G = F ⋊ Γ, which is not contained in F . Indeed, condition (iii) implies
that |F ∩ L| = 1 or p2. If |F ∩ L| = p2, then either L = F or L = G; the first
case contradicts (ii) and the second case contradicts (i) (see Corollary B.8). So
|F ∩L| = 1 and G = LF is an exact factorization. In particular, the subgroup L is
cyclic. In view of Remark 2.1, isomorphism classes of fiber functors in Aζ,g -comod
are classified by conjugacy classes of such pairs (L, β).
Recall that G ∼= UT(3, p); it is well-known that UT(3, p) has p conjugacy classes
of subgroups of order p not contained in F . A straight-forward computation then
shows that conjugacy classes of such subgroups L of G are represented by the
subgroups
Lj = 〈b
jx〉, 0 ≤ j ≤ p− 1.
One could check this by using, for all 0 ≤ n ≤ p− 1, the formula
(6.8) (bjx)n = a(
n
2)jbjnxn.
Moreover, since |Lj | = p, we have that β ∈ H
2(Lj , k
×) is trivial. So we have
accounted for conditions (ii) and (iii) and now it suffices to verify condition (i) for
the pairs (Lj, 1) to parameterize right Galois objects of Aζ,g.
Observe that, for j = 0, L0 = Γ and ω|Γ×Γ×Γ = 1. The pair (Γ, 1) corresponds
to the trivial right Galois object.
Now by (5.14) and (6.8), the restriction of the 3-cocycle ω to the subgroup Lj
is determined by the formula, for all 0 ≤ n,m, ℓ ≤ p− 1
ω((bjx)n, (bjx)m, (bjx)ℓ) = ζ−j
2m(n(ℓ2)+ℓ(
n
2)+nmℓ) λjℓ[
n+m
p
].
It follows from Lemma 6.3 that ω|Lj is cohomologous to the 3-cocycle
ω
ζ
−j2
(p−1)p(2p−1)
6 λj
=
{
ω
ζj
2
λj
, if p = 3,
ωλj , if p > 3.
Suppose that j 6= 0 and p = 3. Then the class of ω|Lj×Lj×Lj is not trivial if
λ = 1. That is, condition (i) is violated for pairs (Lj, 1) for Aζ,1 (and for Aζ2,1)
and (Γ, 1) represents the unique conjugacy class of pairs (L, β) giving rise to a
fiber functor in this case. On the other hand, for any λ 6= 1, there exists a unique
j 6= 0, such that the class of ω|Lj×Lj×Lj is trivial. This implies that there are
two conjugacy classes of pairs (L, β) corresponding to fiber functors of Aζ,g -comod
when g 6= 1. Thus part (1) holds.
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In the remaining case when j 6= 0 and p > 3, the class of the cocycle ω|Lj is
trivial if and only if λ = 1. This implies part (2).
The last statement of the theorem follows from Theorem B.2 (see Proposition 1.1
(1), (2) and Proposition 9.2 later in the paper). 
Remark 6.9. Suppose that p > 3 and let H be one of the Hopf algebras Aζ,1, Aζt,1.
Thus H fits into a central extension k → kΓ → H → kF → k, where Γ = Zp
and F = Zp × Zp. It follows from Theorem 6.7(2) that the number of right Galois
objects of H coincides with the order of the second cohomology H2(F, k×).
This poses the question of deciding if every Hopf 2-cocycle for H arises from
some group 2-cocycle for F via the map H → kF or, equivalently, if for every
H-Galois object R there exists some kF -Galois object Z such that R = ZkFH ,
which is referred to as the inflation of the Galois object Z in [17].
The following is a possible approach to this question that was kindly pointed out
to us by the referee. Let φ : H → R be a unit-preserving H-comodule map which
is convolution invertible, or equivalently, bijective. By [11, Theorem 4], the answer
is positive for a given H-Galois object R if and only if φ(kΓ) is central in R.
The developments required to conduct this approach exceed however the scope
of the present paper, and we postpone them for a future work.
7. Semisimple Hopf algebras of dimension pq2
In this section we introduce and describe the second class of noncommutative,
noncocommutative, semisimple Hopf algebras that are of interest to this work. Let
p and q be distinct prime numbers.
Suppose that q ≡ 1 mod p and letm a primitive pth root of 1 modulo q. Consider
the matched pair (F,Γ), where
Γ = 〈a, b : aq = bq = 1, ab = ba〉 ∼= Zq × Zq, F = 〈g : g
p = 1〉 ∼= Zp,
such that the action ⊲ : Γ × F → F is trivial and ⊳ : Γ× F → Γ is the action by
group automorphisms determined by
(7.1) a⊳ g−1 = am, b ⊳ g−1 = bm
λ
,
for 0 ≤ λ ≤ p − 1 an integer such that λ 6≡ −1 mod p. The associated group
G = F ⊲⊳ Γ coincides with the semidirect product F ⋉ Γ with respect to the
action (7.1).
Let ζ ∈ k be a primitive qth root of 1. The third author described in [21,
Section 1.4] a semisimple Hopf algebra Bλ(m, ζ) of dimension pq
2 that fits into an
abelian exact sequence k→ kΓ → Bλ(m, ζ)→ kF → k.
Definition 7.2 (Bλ). The Hopf algebra Bλ(m, ζ) is defined as k
Γτ#⇀kF where
⇀ is induced by ⊳ and the cohomology class of the dual cocycle can be represented
by a factor set τ : Γ× Γ→ (kF )× of the form
τ(aibj , akbl) = ujk
for all 0 ≤ i, j, k, l ≤ q− 1 and u =
∑p−1
t=0 ζtegt ∈ (k
F )×. Here, egt is the dual basis
element of gt ∈ kF . Further, uq = 1, ζ1 = ζ and ζt = ζ
ct(m
λ+1) for all 0 ≤ t ≤ p− 1
where ct(n) := 1 + n+ · · ·+ n
t−1, for n ∈ Z. For m, ζ fixed, denote
Bλ := Bλ(m, ζ).
The following result will be needed in the proof of Theorem 8.1.
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Lemma 7.3. With the notation above, we have H2(F ⋉ Γ, k×) = 0.
Proof. Since the orders of F and Γ are relatively prime, H1(F,H1(Γ, k×)) =
H2(F,H1(Γ, k×)) = 0. Also, H2(F, k×) = 0, so the kernel of the restriction map
from H2(F ⋉ Γ, k×) to H2(Γ, k×) is H2(F ⋉ Γ, k×). By [30, Theorem 2], this re-
striction map induces a group isomorphism H2(F ⋉ Γ, k×) ∼= H2(Γ, k×)F , where
the action by group automorphisms of F on H2(Γ, k×) is the one arising from the
adjoint action of F on Γ, or in other words, from the action (7.1).
For each qth root of unity ξ ∈ k, let αξ : Γ× Γ→ k
× be the 2-cocycle by
αξ(a
ibj , ai
′
bj
′
) = ξji
′
, 0 ≤ i, i′, j, j′ ≤ p− 1.
Then the map ξ 7→ αξ induces a group isomorphism Gq ∼= H
2(Γ, k×), where Gq is
the group of qth roots of unity in k. A direct computation shows that the action of
F onH2(Γ, k×) induces the action⇀: F×Gq → Gq, determined by g ⇀ ξ = ξ
mλ+1 ,
for all ξ ∈ Gq.
Since, by assumption, m is of order p in F×q , and λ 6≡ −1 mod p, then the action
of F on H2(Γ, k×) has no non-trivial fixed points. Therefore H2(F ⋉ Γ, k×) ∼=
H2(Γ, k×)F = 0, as claimed. 
Lemma 7.4. There is an equivalence of tensor categories
Bλ
∗ -comod ∼= C(F ⋉ Γ, ω, F, 1),
where the class of the 3-cocycle ω is trivial in H3(F ⋉ Γ, k×).
Proof. Since the orders of F and Γ are relatively prime, the class of the 3-cocycle ω
inH3(F⋉Γ, k×) associated to an exact sequence k→ kΓ → Bλ → kF → k is trivial,
due to Lemma 3.10. This implies the lemma, in view of the equivalence (4.1). 
Suppose now that p ≡ 1 mod q. Fix h and t primitive qth roots of 1 modulo p.
Consider the matched pair (F ′,Γ′), where
Γ′ = 〈a, b : aq = bp = 1, aba−1 = bt〉 ∼= Zp ⋊ Zq, F
′ = 〈g : gq = 1〉 ∼= Zq,
such that the action ⊲ : Γ′ × F ′ → F ′ is trivial and the action ⊳ : Γ′ × F ′ → Γ′ is
the action by group automorphisms determined by
(7.5) a⊳ g = a, b ⊳ g = bh.
The associated group F ′ ⊲⊳ Γ′ coincides with the semidirect product F ′ ⋉ Γ′ with
respect to the action (7.5).
For an integer 0 ≤ l ≤ q − 1, Andruskiewitsch and the third author described in
[1, Subsection 2.4] a self-dual semisimple Hopf algebra Al of dimension pq
2 that fits
into an abelian exact sequence k→ kΓ
′
→ Al → kF
′ → k; see also [21, Section 1.3].
Fix y ∈ kΓ
′
a group-like element of order q. That is, y : Γ′ → k× is a non-trivial
group homomorphism.
Definition 7.6 (Al). The Hopf algebra Al is defined as the bicrossed product
k
Γ′#σ(l)kF
′ associated to the matched pair (F ′,Γ′), where the cocycle
σ(l) : F ′ × F ′ → kΓ
′
is given by
σ(l)(gn, gn
′
) = yl[
n+n′
q
],
for all 0 ≤ n,m ≤ q − 1.
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Lemma 7.7. There is an equivalence of tensor categories
Al -comod ∼= C(F
′
⋉ Γ′, υ, F ′, 1)
where the 3-cocycle υ ∈ H3(F ′ ⋉ Γ′, k×) is represented by
(7.8) υ(gnbjai, gn
′
bj
′
ai
′
, gn
′′
bj
′′
ai
′′
) = ηli[
n′+n′′
q
]
for all 0 ≤ i, i′, i′′, n, n′, n′′ ≤ q−1, 0 ≤ j, j′, j′′ ≤ p−1, where η ∈ k is the primitive
qth root of unity defined by η = y(a).
Proof. Since Al is self-dual, we have that Al -comod ∼= mod-Al. Thus the result is
a special case of the equivalence (4.1). Observe that
σ
(l)
bjai
(gn
′
, gn
′′
) = σ(l)(gn
′
, gn
′′
)(bjai) = ηli[
n′+n′′
q
],
for all 0 ≤ i, i′, i′′, n, n′, n′′ ≤ q − 1, 0 ≤ j, j′, j′′ ≤ p− 1. 
Finally, we have the classification result below.
Theorem 7.9. [21, Theorem 3.12.4] Let H be a noncommutative, noncocommuta-
tive, semisimple Hopf algebra of dimension pq2. Then H is isomorphic to precisely
one of the Hopf algebras
A0, . . . , Aq−1, Bλ1 , . . . , Bλn , B
∗
λ1
, . . . , B∗λn ,
such that n = 1 if p = 2, and n = p+12 if p > 2, where 0 ≤ λj < p− 1 are such that
λiλj 6≡ 1 mod p if i 6= j. 
8. Galois objects for semisimple Hopf algebras of dimension pq2
In this section, we compute the number of right Galois objects of the bicrossed
products Bλ, B
∗
λ and Al, introduced in Definitions 7.2 and 7.6.
Theorem 8.1. Recall the definition of the noncommutative, noncocommutative,
semisimple Hopf algebras of dimension pq2 Bλ, B
∗
λ, given in Definition 7.2, and Al
(self-dual) given in Definition 7.6. The following statements hold:
(1) Any right Galois object for the Hopf algebras Bλ, Al, l 6= 0, is trivial.
(2) The Hopf algebra A0 has exactly q right Galois objects up to isomorphism.
(3) Each of the Hopf algebras B∗λ has exactly r + 1 right Galois objects up to
isomorphism, where q = pr + 1.
Proof. Case Bλ. The Hopf algebra B
∗
λ fits into a central exact sequence
(8.2) k→ kF → B∗λ → kΓ→ k.
Let (Γ, F ) be the matched pair associated to (8.2), so that the action F ×Γ→ F is
trivial and Γ ⊲⊳ F is a semidirect product Γ⋊F . Observe that Γ⋊F is isomorphic
to the semidirect product F ⋉ Γ associated to the exact sequence
k→ kΓ → Bλ(m, ζ)→ kF → k,
see e.g. [16, Exercise 5.5].
From (4.1), we obtain an equivalence of tensor categories
Bλ -comod ∼= C(Γ⋊ F, ω,Γ, 1).
By Proposition 4.3, right Galois objects of Bλ correspond to fiber functors of the
category C(Γ ⋊ F, ω,Γ, 1). Moreover, by Lemma 3.10 the class of the 3-cocycle ω
induced from (8.2) is trivial. By Theorem 2.2, these fiber functors arise from pairs
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(L, β) where L is a subgroup of Γ ⋊ F and β is a 2-cocycle on L, such that the
following conditions are satisfied:
(i) Γ⋊ F = LΓ.
(ii) The class of the 2-cocycle β|Γ∩L is non-degenerate.
Suppose (L, β) is such a pair. Condition (ii) implies that Γ ∩ L = 1 or Γ ⊆ L.
Suppose first that Γ ⊆ L. Then L = Γ ⋊ F , because of condition (i). By
Lemma 7.3, H2(F ⋉ Γ, k×) = 0, so this possibility is discarded by condition (ii).
Suppose next that Γ∩L = 1. Then condition (i) forces |L| = p. This implies that
β = 1 since H2(L, k×) is trivial. Moreover, by Theorem 2.2, isomorphism classes
of fiber functors are classified by conjugacy classes of such pairs; see Remark 2.1.
Now, L is a p-Sylow subgroup of Γ ⋊ F and hence L must be a conjugate of F .
Therefore there is in this case a unique conjugacy class represented by the pair
(F, 1), which corresponds to the trivial Bλ-Galois object.
Case B∗λ. By Proposition 4.3 and Lemma 7.4, right Galois objects of B
∗
λ cor-
respond to fiber functors of the category C(F ⋉ Γ, ω, F, 1), where the class of the
3-cocycle ω is trivial. In particular, there is an equivalence of tensor categories
C(F ⋉ Γ, ω, F, 1) ∼= C(F ⋉ Γ, 1, F, α), where α is a 2-cocycle on F , see for instance
[8, Remark 8.39]. In view of Theorem 2.2 and Remark 2.1, these fiber functors are
classified by conjugacy classes of pairs (L, β) where L is a subgroup of F ⋉ Γ and
β is a 2-cocycle on L, such that the following conditions are satisfied:
(i) F ⋉ Γ = LF .
(ii) The class of the 2-cocycle α−1|F∩Lβ|F∩L is non-degenerate.
Suppose (L, β) is such a pair. Condition (ii) implies that F ∩ L = 1. Then L
must be a subgroup of order q2 of F ⋉ Γ, in view of condition (i). Then L is a
q-Sylow subgroup of F ⋉Γ, and there is only one conjugacy class of such subgroups.
So we can take L = Γ and condition (i) is satisfied. Since F ∩L is trivial, condition
(ii) holds as well.
Now we need to determine the conjugacy classes of 2-cocycles on Γ. We have
that H2(Γ, k×) ≃ Zq and every 2-cocycle is cohomologous to exactly one of the
form
σξ(a
ibj, ai
′
bj
′
) = ξ−i
′j , 0 ≤ i, i′, j, j′ ≤ q − 1,
where ξ is a primitive qth root of 1. Then for z = gkaibj ∈ F ⋉ Γ, 0 ≤ k ≤ p− 1,
0 ≤ i, j ≤ q − 1, we get from (7.1) that
σξ
(
zai
′
bj
′
z−1, zai
′′
bj
′′
z−1
)
= σξ(a
i′mkbj
′mkλ , ai
′′mkbj
′′mkλ)
= ξ−j
′mkλmki′′ ,
for all 0 ≤ i′, j′, i′′, j′′ ≤ q− 1. Therefore σzξ = σξmk(λ+1) . Thus, the conjugacy class
of σξ is
{σ
ξm
k(λ+1) | k = 0, . . . , p− 1}.
Since λ 6≡ −1 mod p, and m is a primitive pth root of unity modulo q, then
mk(λ+1) 6≡ 1 mod q, for all 0 < k ≤ p − 1. Therefore the conjugacy class corre-
sponding to ξ 6= 1 has p elements. Write q = pr + 1. Then we obtain r conjugacy
classes with p elements each and one class with 1 element. Denote the representative
cocycles by β1, . . . , βr, 1.
Then, in this case, (Γ, β1), . . . , (Γ, βr), (Γ, 1) represent the conjugacy classes of
pairs (L, β) giving rise to a fiber functor.
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Case Al. In view of Proposition 4.3 and Lemma 7.7, right Galois objects for
the Hopf algebra Al correspond to fiber functors of the category C(F
′⋉Γ′, υ, F ′, 1)
where the 3-cocycle υ on F ′ ⋉ Γ′ is given by Formula (7.8).
A fiber functor corresponds to a pair (L, β) where L is a subgroup of F ′⋉Γ′ and
β is a 2-cocycle on L, such that the following conditions are satisfied:
(i) The class of υ|L is trivial.
(ii) F ′ ⋉ Γ′ = LF ′.
(iii) The class of the 2-cocycle β|F ′∩L is non-degenerate.
Suppose (L, β) is such a pair. Conditions (ii) and (iii) imply that L is a subgroup
of order pq of F ′ ⋉ Γ′ such that F ′ ∩ L = 1. Since H2(L, k×) = 0, we have that
β = 1. Note in addition that every subgroup of order pq is normal in F ′ ⋉ Γ′. It
follows from Theorem 2.2 that isomorphism classes of fiber functors are classified in
this case by pairs (L, 1), where L is a subgroup of order pq satisfying condition (i)
such that L ∩ F ′ = 1; see Remark 2.1.
We claim that L is one of the (pairwise distinct) subgroups Lk = 〈b, g
ka〉, for
some 0 ≤ k ≤ q − 1. Indeed, since L is of order pq, then it contains the subgroup
〈b〉 generated by b and therefore L = 〈b〉S, where S is a subgroup of order q
such that S 6= F ′, by condition (i). Each subgroup of order q is inside of some
q-Sylow subgroup, then it is conjugate to one inside 〈g, a〉 ⊂ F ′ ⋉ Γ′; that is,
S is conjugate to one of the subgroups Sk = 〈g
ka〉, 0 ≤ k ≤ q − 1. Hence,
there must exist h ∈ F ′ ⋉ Γ′ and 0 ≤ k ≤ q − 1 such that hSh−1 = Sk. Then
L = hLh−1 = (h〈b〉h−1) (hSh−1) = Lk. This proves the claim.
Now we study condition (i). By Equation (7.8), it will be enough to analyze the
restriction of υ to the cyclic subgroup Sk = 〈g
ka〉 of Lk. For all n,m, t = 0, . . . , q−1,
we have
υ((gka)n, (gka)n
′
, (gka)n
′′
) = ηln[
n′k (modq) + n′′k (modq)
q
].(8.3)
If l = 0, conditions (i) and (ii) hold for all Lk, 0 ≤ k ≤ q − 1. Then we obtain
q fiber functors (L0, 1), . . . , (Lq−1, 1) that correspond to q non-isomorphic right
Galois objects.
Suppose that l 6= 0. If k = 0, L0 = Γ
′, thus (L0, 1) corresponds to the trivial
right Galois object.
Assume next that k 6= 0. Let η˜ ∈ k be a primitive qth root of unity such that
η˜k = ηl. From Formula (8.3) we obtain
υ((gka)n, (gka)n
′
, (gka)n
′′
) = η˜kn[
n′k (modq) + n′′k (modq)
q
]
= υη˜((ga)
kn, (ga)kn
′
, (ga)kn
′′
),
where υη˜ : S1 × S1 × S1 → k
× is the 3-cocycle given by
υη˜((ga)
n, (ga)n
′
, (ga)n
′′
) = η˜n[
n′+n′′
q
],
for all 0 ≤ n, n′, n′′ ≤ q − 1. In other words, υ|Sk×Sk×Sk coincides with the im-
age of υη˜ under the group isomorphism H
3(S1, k
×) ∼= H3(Sk, k
×) induced by the
isomorphism f : Sk → S1, defined by f(g
ka) = (ga)k. Since η˜ 6= 1, then the
class of υη˜ is not trivial in H
3(S1, k
×) (see the discussion at the beginning of Sec-
tion 6). Therefore υ|Sk×Sk×Sk represents a non-trivial cohomology class. Thus,
condition (i) is violated for pairs (Lk, 1) such that k 6= 0. Hence, in this case there
is, up to isomorphism, a unique fiber functor corresponding to the pair (Γ′, 1). 
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9. Cocycle deformations of semisimple Hopf algebras
of dimension p3, pq2
In this section we discuss cocycle deformations for noncommutative, noncocom-
mutative, semisimple Hopf algebras of dimension p3 and pq2. We begin with the
following observation:
Remark 9.1. If a finite-dimensional Hopf algebra H only has trivial right Galois ob-
jects, then H cannot be deformed by a cocycle non-trivially. Indeed, the left Galois
Hopf algebra of the trivial Galois object H is isomorphic to H ; see Proposition 1.1.
Recall the classification of the noncommutative noncocommutative semisimple
Hopf algebras of dimension p3 in Theorem 5.4. We have the following result for
such Hopf algebras.
Proposition 9.2. Each of the noncommutative, noncocommutative, semisimple
Hopf algebras of dimension p3 has only trivial cocycle deformations.
Proof. It is known that these (self-dual) Hopf algebras are not cocycle deformations
of a dual group algebra by [17, Proposition 2.5]. Moreover, Theorem B.2 implies
that they are not cocycle deformations of each other; see Proposition 1.1 (5). This
implies the proposition. 
In the next result, we discuss cocycle deformations of semisimple Hopf algebras
of dimension pq2; recall the classification of such Hopf algebras in Theorem 7.9.
Proposition 9.3. For the cocycle deformations of the noncommutative, nonco-
commutative, semisimple Hopf algebras of dimension pq2, the following statements
hold.
(a) The Hopf algebras A1, . . . , Aq−1 and Bλ1 , . . . , Bλn have only trivial cocycle
deformations.
(b) Each of the Hopf algebras A0 and B
∗
λ1
, . . . , B∗λn is a cocycle deformation of
a dual group algebra.
Proof. Part (a) follows from Theorem 8.1; see Remark 9.1. Part (b) follows from
[23, Propositions 5.2.1(i) and 5.3.1(i)], along with the self-duality of A0. 
Appendix A. Cocycle deformations and Galois objects for the
Kac-Paljutkin Hopf algebra
In this appendix we recover Masuoka’s result that the noncommutative, nonco-
commutative, semisimple Kac-Paljutkin Hopf algebraH8 of dimension 8 has no non-
trivial Galois objects, and no non-trivial cocycle deformations [17, Theorems 4.1(1)
and 4.8(1)]. This is achieved by using the techniques above.
According to [14, Proposition 2.3], H8 ∼= k
F τ#σkΓ is a bicrossed product where
F = 〈a, b : a2 = b2 = 1, ab = ba〉 ∼= Z2 × Z2 and Γ = 〈t : t
2 = 1〉 ∼= Z2
is a matched pair of finite groups, such that the action ⊳ : Γ×F → Γ is trivial and
the action ⊲ : Γ× F → F is the action by group automorphisms determined by
t ⊲ a = b, t ⊲ b = a.
The Hopf algebra H8 is also self-dual. Here, the group F ⋊ Γ is isomorphic to the
dihedral group of order 8.
Proposition A.1. Any right Galois object for H8 is trivial, and hence, H8 has no
non-trivial cocycle deformations.
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Proof. By Proposition 4.3, right Galois objects of H8 correspond to fiber functors
of the category
H8 -comod ∼= C(F ⋊ Γ, ω, F, 1),
where ω is the 3-cocycle on F ⋊ Γ associated to H8 in the Kac exact sequence. In
view of Theorem 2.2, every such fiber functor corresponds to a pair (L, β) where
L is a subgroup of G := F ⋊ Γ and β is a 2-cocycle on L, such that the following
conditions are satisfied:
(i) The class of ω|L×L×L is trivial.
(ii) G = LF .
(iii) The class of the 2-cocycle β|F∩L is non-degenerate.
Suppose (L, β) is such a pair. As in the proof of Theorem 6.7, the conditions
above imply that L is a subgroup of order 2 of
F ⋊ Γ = 〈a, b, t : a2 = b2 = t2 = 1, ab = ba, ta = bt, tb = at〉,
which is not contained in F . Thus, by Remark 2.1, isomorphism classes of fiber
functors on H8 -comod are classified by conjugacy classes of such pairs (L, β). It is
easy to see that the subgroups of order 2 not contained in F are Γ = 〈t〉 and 〈abt〉.
Moreover, these subgroups are conjugate as a(abt)a−1 = a(abt)a = t. Therefore,
the only subgroup L under consideration is Γ ∼= Z2, and β is trivial in this case. As
in the proof of Theorem 6.7, the pair (Γ, 1) corresponds to the trivial Galois object.
This implies the result; see Remark 9.1. 
Appendix B. Categorical Morita equivalence classes among
semisimple Hopf algebras of dimension p3 (by S. Natale)
Let p be an odd prime number. In this appendix we determine the categor-
ical Morita equivalence classes among the fusion categories of finite-dimensional
representations of semisimple Hopf algebras of dimension p3.
Let G = UT(3, p) be the group of upper triangular unipotent 3×3 matrices with
entries in Fp. We shall indicate by T = Zp2 ⋊ Zp the unique nonabelian group of
order p3 and exponent p2. The group T has the following presentation by generators
and relations:
T = 〈y, z : yp
2
= zp = 1, [y, z] = yp〉.
Let us recall the classification of semisimple Hopf algebras of dimension p3, ob-
tained by Masuoka in 1995:
Theorem B.1. [15, Theorem 3.1]. A semisimple Hopf algebra A of dimension p3
over k is isomorphic to precisely one of the p+ 8 Hopf algebras listed below:
(1) kZp×Zp×Zp, kZp×Zp2 , kZp3 , kG, kT , kG, kT ;
(2) Aζ,1, Aζt,1, Aζ,g, . . . , Aζp−1,g, where 1 6= ζ ∈ k is a pth root of 1, 1 6= g ∈ k
Γ
is an F -invariant group-like element, and t ∈ Fp is a quadratic nonresidue.
See Definition 5.1 for a presentation of the Hopf algebras in Theorem B.1 (2).
Recall that two fusion categories C and D are called categorically Morita equiv-
alent if Dop is equivalent to the category C∗M, for some indecomposable C-module
category M, and two finite-dimensional Hopf algebras H and L are called cat-
egorically Morita equivalent if H -comod and L -comod are categorically Morita
equivalent.
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The main result of this appendix is the following theorem, that classifies the
categorical Morita equivalence classes among the Hopf algebras in Theorem B.1.
Theorem B.2. Semisimple Hopf algebras of dimension p3 fall into p+6 categorical
Morita equivalence classes. More precisely, the Hopf algebras
(B.3) kZp×Zp×Zp , kZp×Zp2 , kZp3 , kG, kT , Aζ,1, Aζt,1, Aζ,g, . . . , Aζp−1,g,
are pairwise categorically Morita inequivalent and, furthermore, the equivalence
class of kG (respectively, the equivalence class of kT ) consists of kG and kG (re-
spectively, of kT and kT ).
The proof of Theorem B.2 will be given in Subsection B.3.
B.1. Preliminary lemmas. We begin by recording the following consequence of
[9, Theorem 3.1].
Lemma B.4. Let L be a finite abelian group. Suppose that C is a fusion category
such that C is categorically Morita equivalent to C(L, 1). Then C is pointed.
Therefore, if C = mod-H, where H is a finite-dimensional Hopf algebra, then H
is commutative.
Proof. Let Z(C) be the Drinfeld center of C. Notice that Z(C(L, 1)) ∼= D(L)-mod,
as braided fusion categories, where D(L) is the Drinfeld double of the group al-
gebra kL. Since L is abelian, then D(L) is a commutative Hopf algebra and thus
Z(C(L, 1)) is a pointed fusion category. In view of [9, Theorem 3.1], the assumption
implies that Z(C(L, 1)) and Z(C) are equivalent as braided fusion categories. Thus
Z(C) is a pointed fusion category and therefore so is C. 
We next recall a Morita invariant of a fusion category introduced by Etingof in
[6]. Let C be a finite tensor category over k and let Z(C) be its Drinfeld’s center
The quasi-exponent qexp C of C is defined as the smallest integer N such that (c2)N
is unipotent, where c2 is the ’square’ of the canonical braiding c of Z(C), that is,
c2X,Y = cY,XcX,Y : X ⊗ Y → X ⊗ Y , X,Y ∈ Z(C).
If C is a fusion category, then the quasi-exponent of C is called the exponent of C
and denoted exp C. By [6, Theorem 5.1], the exponent of a fusion category is finite.
Note in addition that if L is any finite group, the exponent of the pointed fusion
category C(L, 1) coincides with the exponent of L.
Moreover, the exponent of a fusion category C is a Morita invariant of C:
Lemma B.5. Let C, D be fusion categories and suppose that C and D are categor-
ically Morita equivalent. Then exp C = expD.
Proof. By [6, Proposition 6.3], we have exp C = expZ(C), for any fusion category C.
This implies the lemma since, by [9, Theorem 3.1], Z(C) and Z(D) are equivalent
as braided fusion categories. 
B.2. The noncommutative examples. Let p be an odd prime number. Keep
the notation in Section 5. Recall that Γ = 〈x : xp = 1〉 ∼= Zp, and F = 〈a, b : a
p =
bp = 1, ab = ba〉 ∼= Zp × Zp. In addition, (F,Γ) is a matched pair with respect to
the action (5.6) such that F ⊲⊳ Γ = F ⋊ Γ ∼= G.
Let Aζ,g be one of the (noncommutative) Hopf algebra of dimension p
3 con-
structed by Masuoka in [15, Lemma 2.4], where ζ ∈ k is a pth root of unity, g is
a Γ-invariant group-like element of kF , and t ∈ Fp is a quadratic nonresidue; see
Definition 5.1.
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As was observed in [15, Example 2.6], there are isomorphisms of Hopf algebras
A1,1 ∼= kG and A1,g ∼= kT , for all g 6= 1.
Lemma B.6. Let ζ, λ ∈ k be pth roots of unity and let g ∈ kF be the group-like
element defined by g(aibj) = λj. Let also ωζ,λ : G×G×G→ k be the 3-cocycle given
by Formula (5.14). Then the categories mod-Aζ,g and C(G,ωζ,λ) are categorically
Morita equivalent.
Proof. Observe that the category C(G,ωζ,λ, F, 1) is categorically Morita equivalent
to the pointed fusion category C(G,ωζ,λ), for all pth roots unity ζ, λ ∈ k. By
Proposition 5.9, there is an isomorphism of Hopf algebras A∗ζ,g
∼= Hζ,λ. Hence,
from Proposition 5.13, we get equivalences of tensor categories
(B.7) mod-A∗ζ,g
∼= mod-Hζ,λ ∼= C(G,ωζ,λ, F, 1).
This implies the lemma because the categories mod-A∗ζ,g and mod-Aζ,g are cate-
gorically Morita equivalent [25, Theorem 4.2]. 
Corollary B.8. Suppose that 1 6= ζ ∈ k. Then the class of the 3-cocycle ωζ,λ is
not trivial in H3(G, k×).
Proof. Let g ∈ kF be the invariant group-like element such that g(aibj) = λj ,
0 ≤ i, j ≤ p − 1. By Proposition 5.9, there is an isomorphism of Hopf algebras
Hζ,λ = k
Γτ#σkF ∼= A
∗
ζ,g
∼= Aζ,g. Recall that the class of ωζ,λ is the image of the
abelian extension kΓτ#σkF under the map Opext(k
Γ, kF )→ H3(G, k×) in the Kac
exact sequence; see Subsection 3.3.
Suppose on the contrary that the class of ωζ,λ is trivial. By exactness of the Kac
sequence, the extension kΓτ#σkF belongs to the image of the map
δ : H2(F, k×) = H2(F, k×)⊕H2(Γ, k×)→ Opext(kΓ, kF ),
and therefore its class in the cokernel of δ is trivial. It follows from [18, Propo-
sition 3.1] that Hζ,λ = k
Γτ#σkF is isomorphic to a cocycle deformation of the
split extension kΓ#kF . But kΓ#kF ∼= kG is a commutative Hopf algebra. This
leads to a contradiction because, for all ζ 6= 1, the Hopf algebras Hζ,g ∼= Aζ,g are
not a cocycle deformation of any commutative Hopf algebra [18, Proposition 2.5].
Therefore the class of ωζ,λ is not trivial, as claimed. 
Identify G with the group F ⋊ Γ, and let ω = ωζ,λ. For every pair (L, β),
where L is a subgroup of G such that the class of ω|L×L×L is trivial and β ∈
C2(L, k×) is a 2-cocycle, let M0(L, β) = C(G,ω)kβL denote the indecomposable
module category over C(G,ω) corresponding to the pair (L, β). Recall that the
category (C(G,ω)∗M0(L,β))
op is equivalent to the fusion category C(G,ω, L, β) =
kβLC(G,ω)kβL of kβL-bimodules in C(G,ω). Recall in addition that an indecom-
posable module categoryM0(L, β) is pointed if the category C(G,ω, L, β) is pointed.
Note that, since the restriction of ωζ,λ to the cyclic subgroup Z := 〈a〉 ∼= Zp
is trivial, then the pair (Z, 1) has an associated indecomposable module category
M0(Z, 1).
Proposition B.9. Let ζ, λ ∈ k be pth roots of unity. Then M0(Z, 1) is a pointed
module category over C(G,ωζ,λ). Furthermore, there is an equivalence of tensor
categories
C(G,ωζ,λ, Z, 1) ∼= C(G˜, ω˜ζ,λ),
where G˜ is an abelian group and ω˜ζ,λ is a 3-cocycle on G˜.
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Proof. The subgroup Z coincides with the center of G. Therefore, it follows from
[20, Theorem 3.4] that M0(Z, 1) is a pointed module category. Hence
C(G,ωζ,λ, Z, 1) ∼= C(G˜, ω˜ζ,λ),
where the group G˜ is isomorphic to the group of invertible objects of the category
C(G,ωζ,λ, Z, 1), and ω˜ζ,λ is a 3-cocycle on G˜.
We show next that the group G˜ is abelian. By [10, Theorem 5.2], the group G˜
is isomorphic to the group K ⋉ν Ẑ defined as follows:
Take Ẑ := Hom(Z, k×) and let K = G/Z. Then G˜ = K × Ẑ with the multipli-
cation given by
(B.10) (t1, ρ).(t2, ρ
′) = (t1t2, ν(t1, t2) ρ (
t1ρ′)), t1, t2 ∈ K, ρ, ρ
′ ∈ Ẑ,
where the action K × Ẑ → Ẑ, t1× ρ 7→
t1ρ, is induced from the adjoint action of K
on Z, and ν : K ×K → Ẑ is a certain cocycle on K. Notice that since Z is central
in G, then the action of K on Ẑ is trivial.
Let ω = ωζ,λ. In our case, using that Z is central in G, that the cocycle ω|Z×Z×Z
is trivial, and that the class of the 2-cocycle involved in the definition of M0(Z, 1)
is trivial as well, the formula given for the cocycle ν in [10, Formula (7)] reduces to
the following expression:
ν(t1, t2)(h) =
ηt1(h) ηt2 (h)
ηt1t2(h)
ω(g1, h, h
−1)ω(g2, h, h
−1)ω(h, g2, κ(t1, t2))
ω(g2, h, κ(t1, t2))ω(g2, hκ(t1, t2), h−1)
,
for all t1, t2 ∈ K, h ∈ Z. Here, gi ∈ G is a representative of the class ti ∈ G/Z,
κ(t1, t2) ∈ Z is defined by g1g2 = g3κ(t1, t2), where g3 ∈ G is a representative of
the class t1t2. Also, for each t ∈ K, ηt : Z → k
× is a 1-cochain such that dηt = ψ
t,
where ψt is a certain 2-cocycle on Z. See [10, Subsection 5.2].
We may write K = 〈s, t : sp = tp = sts−1t−1 = 1〉, where s = π(b), t = π(x),
and π : G→ G/Z is the canonical surjection. Thus, for all 0 ≤ i, j ≤ p− 1,
κ(sitj , si
′
tj
′
) = a−ji
′
.
It follows from Formula (5.14) for ω that
ω(bixj , al, a−l)ω(bi
′
xj
′
, al, a−l)ω(al, bj
′
xi
′
, a−ji
′
)
ω(bi′xj′ , al, a−ji′ )ω(bi′xj′ , al−ji′ , a−l)
= 1,
for all 0 ≤ i, i′, j, j′, l ≤ p−1. The cocycle ν becomes, for all 0 ≤ i, i′, j, j′, l ≤ p−1,
ν(sitj, si
′
tj
′
)(al) =
ηsitj (a
l) ηsi′ tj′ (a
l)
ηsi+i′ tj+j′ (a
l)
.
Hence we obtain that ν(t1, t2) = ν(t2, t1), for all t1, t2 ∈ G/Z. Therefore, the
product (B.10) is commutative, and G˜ is abelian. This finishes the proof of the
proposition. 
Remark B.11. An explicit expression for the 3-cocycle ω˜ζ,λ in Proposition B.9 can
be obtained from [20, Formula (24)]. However, this expression will not be needed
in what follows.
Proposition B.12. Let ζ, λ ∈ k be fixed primitive pth roots of unity, and let t ∈ Fp
be a quadratic nonresidue. Then the pointed fusion categories
(B.13) C(G,ω1,1), C(G,ω1,λ),
(B.14) C(G,ωζ,1), C(G,ωζt,1), C(G,ωζ,λ), . . . , C(G,ωζp−1,λ),
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are pairwise categorically Morita inequivalent.
Proof. Let C be one of the categories in (B.13), (B.14), and let us denote by ω
the 3-cocycle corresponding to C, so that C = C(G,ω). Suppose that M0(L, β) is
a pointed fusion category over C. In particular, due to [20, Theorem 3.4], L is a
normal abelian subgroup of G such that the class of ω is trivial on L, and β is a
2-cocycle on L. When L = 1, the category (C∗M0(1,1))
op is equivalent to C.
The only normal subgroup of order p of G is its center Z = 〈a〉. Since the group
H2(Z, k×) is trivial, then the only possible choice for β is β = 1. By Proposition
B.9, the category (C∗M0(Z,1))
op ∼= C(G,ωζ,λ, Z, 1) has an abelian group of invertible
objects. Therefore (C∗M0(Z,1))
op is not equivalent to any of the categories (B.13),
(B.14).
The remaining normal abelian subgroups of G are the subgroups Nj = 〈a, b
jx〉,
where 0 ≤ j ≤ p− 1, and F = 〈a, b〉. Observe that each of these subgroups has an
exact complement in G; in fact, G = 〈b〉Nj , and 〈b〉 ∩Nj = 1, for all 0 ≤ j ≤ p− 1,
and G = ΓF , with Γ∩F = 1. In addition, the restrictions ω|〈b〉×〈b〉×〈b〉 and ω|Γ×Γ×Γ
are both trivial; see Formula (5.14).
Denote F by Np and suppose that the class of ω|Nj×Nj×Nj is trivial and β is a
2-cocycle on Nj , 0 ≤ j ≤ p. In view of [26], the fusion category (C
∗
M0(Nj ,β)
)op ∼=
C(G,ω,Nj, β) has a fiber functor.
It follows from Corollary B.8 that the categories (B.14) do not admit a fiber
functor. The previous discussion implies that if C is one of the categories in (B.13),
then C is not Morita equivalent to any of the categories (B.14). Similarly, we get
that the categories (B.14) are pairwise categorically Morita inequivalent.
Finally, we know from Lemma B.6 that C(G,ω1,1) is categorically Morita equiv-
alent to mod- kG and C(G,ω1,λ) is categorically Morita equivalent to mod-kT .
Since the exponent of G is p and the exponent of T is p2, Lemma B.5 implies
that mod- kG and mod- kT are not categorically Morita equivalent. Hence, the
categories (B.13) are not categorically Morita equivalent neither. This finishes the
proof of the proposition. 
B.3. Proof of main result. In this subsection we combine the previous results to
give a proof of Theorem B.2 and some of its consequences.
Proof of Theorem B.2. It follows from [25, Theorem 4.2], that the categories mod-H
and mod-H∗ are categorically Morita equivalent, for any finite-dimensional Hopf
algebra H . In particular, the categories C(L, 1) ∼= mod- kL and mod- kL are cate-
gorically Morita equivalent, for any finite group L.
Therefore, in view of Theorem B.1, it will be enough to determine the categorical
Morita equivalence classes among the categories
(B.15) mod-kZp×Zp×Zp , mod- kZp×Zp2 , mod-kZp3 , and
(B.16) mod- kG, mod- kT, mod-Aζ,1, mod-Aζt,1, mod-Aζ,g, . . . , mod-Aζp−1,g,
where ζ ∈ k is fixed primitive pth root of unity, 1 6= g ∈ kF is a Γ-invariant
group-like element, and t ∈ Fp is a quadratic nonresidue.
In view of Lemma B.6 and Proposition B.12, the categories (B.16) are pairwise
categorically Morita inequivalent. In addition, it follows from Lemma B.5 that
the fusion categories (B.15) are pairwise categorically Morita inequivalent as well.
Moreover, Lemma B.4 implies that none of the categories (B.15) is categorically
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Morita equivalent to any of the categories (B.16). This finishes the proof the theo-
rem. 
We conclude by stating some corollaries of Theorem B.2.
Corollary B.17. Let H and L be semisimple Hopf algebras of dimension p3. Then
H and L are categorically Morita equivalent if and only if H ∼= L or H ∼= L∗. 
For a 3-cocycle ω on a group L, let Dω(L) denote the twisted quantum double
due to Dijkgraaf, Pasquier and Roche [3].
Corollary B.18. Let ζ, λ ∈ k be fixed primitive pth roots of unity and let t ∈ Fp be
a quadratic nonresidue. Then the categories of finite-dimensional representations
of the (twisted) quantum doubles
D(Zp × Zp × Zp), D(Zp × Zp2), D(Zp3 ),
D(T ), D(G), Dωζ,1(G), Dωζt,1(G), Dωζ,λ(G), . . . , Dωζp−1,λ(G),
are pairwise inequivalent as braided fusion categories.
Proof. Combining Theorem B.2 with [9, Theorem 3.1], we obtain that the Drinfeld
centers of the fusion categories of finite-dimensional representations of the semisim-
ple Hopf algebras of dimension p3 are pairwise inequivalent as braided fusion cate-
gories. The corollary follows from [22, Theorem 1.3 (ii)]. 
Acknowledgments
We thank the referee for their comments that improved the exposition of this
manuscript and for their comments toward Remark 6.9. This project began at the
Women in Noncommutative Algebra and Representation Theory (WINART) work-
shop at the Banff International Research Station (BIRS) in March 2016. We thank
the BIRS administration and staff for their hospitality and productive atmosphere.
S. Natale thanks the Mathematics Department of Temple University, Philadelphia,
for the kind hospitality during her visit in March 2016.
The work of A. Mej´ıa is partially supported by Capes-PNPD, CONICET and
SECyT-UNC. The research of S. Natale is partially supported by CONICET and
SECyT-UNC. S. Montgomery is supported by the U.S. National Science Foundation
(NSF), grant #DMS-1301860. C. Walton is also supported by the U.S. NSF, grant
#DMS-1550306; S. Natale’s visit to Temple University in Spring 2016 was funded
by this grant.
References
[1] N Andruskiewitsch, S. Natale, Examples of self-dual Hopf algebras, J. Math. Sci. Univ. Tokyo
6 (1999), 181–215.
[2] H. Cartan and S. Eilenberg, Homological algebra, Princeton Math. Series (1956), London.
[3] R. Dijkgraaf, V. Pasquier and P. Roche, Quasi-quantum groups related to orbifold models, in:
Proc. Modern Quantum Field Theory, Tata Institute, Bombay, (1990), 375–383.
[4] Y. Doi, Braided bialgebras and quadratic bialgebras, Comm. Algebra 21 (1993), 1731–1749.
[5] Y. Doi and M. Takeuchi, Cleft comodule algebras for a bialgebra, Comm. Algebra 14 (1986),
no. 5, 801–817.
[6] P. Etingof, On Vafa’s Theorem for tensor categories, Math. Res. Lett. 9 (2002), 651-657.
[7] P. Etingof, S. Gelaki, D. Nikshych and V. Ostrik, Tensor Categories, AMS Mathematical
Surveys and Monographs 205 (2015).
[8] P. Etingof, D. Nikshych and V. Ostrik, On fusion categories, Annals of Mathematics 162
(2005), 581–642.
[9] P. Etingof, D. Nikshych and V. Ostrik,Weakly group-theoretical and solvable fusion categories,
Adv. Math. 226, (2011), 176–205.
DEFORMATIONS OF SEMISIMPLE HOPF ALGEBRAS OF DIMENSION p3, pq2 27
[10] S. Gelaki, D. Naidu, Some properties of group-theoretical categories, J. Algebra 322, (2009),
2631–2641.
[11] R. Gu¨nther, Crossed products for pointed Hopf algebras, Comm. Algebra 27, (1999), no. 9,
4389–4410.
[12] G. I. Kac, Finite ring groups, Dokl. Akad. Nauk SSSR 147 (1962), 21–24.
[13] H. Kreimer, M. Takeuchi, Hopf algebras and Galois extensions of an algebra, Indiana Univ.
Math. J. 30 (1981), 675–692.
[14] A. Masuoka, Semisimple Hopf algebras of dimension 6,8, Israel J. Math 92 (1995), 361–373.
[15] A. Masuoka, Self dual Hopf algebras of dimension p3 obtained by extension, J. Algebra 178,
(1995), 791–806.
[16] A. Masuoka, Extensions of Hopf algebras, Trabajos de Matema´tica 41/99, Fa.M.A.F. (1999).
[17] A. Masuoka, Cocycle deformations and Galois objects for some cosemisimple Hopf algebras
of finite dimension, Contemp. Math. 267 (2000), 195–214.
[18] A. Masuoka, Hopf algebra extensions and cohomology, Math. Sci. Res. Inst. Publ. 43 (2002),
167–209.
[19] S. Montgomery, Hopf algebras and their actions on rings, Reg. Conf. Ser. Math. 82, Amer.
Math. Soc., Providence, Rhode Island, 1993.
[20] D. Naidu, Categorical Morita equivalence for group-theoretical categories, Comm. Algebra
35 (2007), 3544–3565.
[21] S. Natale, On semisimple Hopf algebras of dimension pq2, J. Algebra 221 (1999), 242–278.
[22] S. Natale, On group theoretical Hopf algebras and exact factorizations of finite groups, J.
Algebra 270 (2003), 199–211.
[23] S. Natale, Semisolvability of semisimple Hopf algebras of low dimension. Memoirs Amer.
Math. Soc. 186, (2007), 123 pp.
[24] S. Natale, On the equivalence of module categories over a group-theoretical fusion category,
SIGMA 13 (2017), 042, 9 pages.
[25] V. Ostrik,Module categories, weak Hopf algebras and modular invariants, Transform. Groups
8 (2003), 177–206 .
[26] V. Ostrik, Module categories over the Drinfeld double of a finite group, Int. Math. Res. Not.
2003 (2003), no. 27, 1507–1520.
[27] P. Schauenburg, Hopf biGalois extensions, Comm. Algebra 24 (1996), 3797–3825.
[28] P. Schauenburg, Hopf-Galois and bi-Galois extensions, Galois theory, Hopf algebras, and
semiabelian categories, Fields Inst. Commun. 43, 469–515, Amer. Math. Soc., Providence,
RI, 2004.
[29] P. Schauenburg, Hopf bimodules, coquasibialgebras, and an exact sequence of Kac, Adv.
Math. 165 (2002), 194–263.
[30] K. Tahara, On the second cohomology groups of semidirect products, Math. Z 129 (1972),
365–379.
[31] K.-H. Ulbrich, Galois extensions as functors of comodules, Manuscr. Math. 59 (1987), 391–
397.
Mej´ıa Castan˜o: Departamento de Matema´tica, Universidade Federal de Santa Cata-
rina, CAPES - PNPD, Floriano´polis-SC, Brazil.
E-mail address: sighana25@gmail.com
Montgomery: Department of Mathematics, University of Southern California, Los
Angeles, California 90089, USA
E-mail address: smontgom@usc.edu
Natale: Facultad de Matema´tica, Astronom´ıa, F´ısica y Computacio´n, Universidad
Nacional de Co´rdoba, CIEM-CONICET, Co´rdoba, Argentina.
E-mail address: natale@famaf.unc.edu.ar
Vega: Department of Mathematical Sciences, United States Military Academy, West
Point, New York 10996, USA.
E-mail address: maria.vega@usma.edu
Walton: Department of Mathematics, Temple University, Philadelphia, Pennsylva-
nia 19122, USA
E-mail address: notlaw@temple.edu
